Using only the principle of relativity and Euclidean geometry we show in this pedagogical article that the square of proper time or length in a two-dimensional spacetime diagram is proportional to the Euclidean area of the corresponding causal domain. We use this relation to derive the Minkowski line element by two geometric proofs of the spacetime Pythagoras theorem.
Introduction
Spacetime diagrams are helpful for understanding relativity since they focus attention on the invariant relations between events, light rays, observers, etc. rather than on coordinate dependent quantities. An inherent limitation of such diagrams is that, in general, the Euclidean lengths of lines in the diagram do not correspond to proper time or proper length in spacetime. In this pedagogical article we use the principle of relativity, together with Euclidean geometry, to show that nevertheless the square of proper time or length of a line segment is proportional to the Euclidean area of the corresponding causal domain. This observation allows visual interpretation of relativistic effects, such as time dilation and the twin effect. We use this relation between Minkowski interval and Euclidean area to derive the Minkowski line element by proving the spacetime Pythagoras theorem.
Minkowski space and Euclidean space
In a two-dimensional spacetime diagram a spacetime, i.e. a Minkowski space, is represented on a Euclidean plane. This is possible since, like the points in the Euclidean plane, the events in spacetime can be labeled by pairs of real numbers, for example time and space coordinates. What other properties of Minkowski space can this mapping faithfully reproduce? Euclidean and Minkowski spaces admit identical translation symmetry groups that act in the same way on their respective spaces. Therefore the mapping can be chosen to preserve the translation symmetry. A straight line can be characterized as a curve that is sent to itself by the translations in one direction. Since the translations are preserved by the mapping, so are the straight lines.
Given the Minkowski interval, i.e. the proper time or length between two points on a line, the interval between any two other points on the same line is determined by the translational symmetry. The Euclidean distance along a line in a spacetime diagram is therefore proportional to the corresponding Minkowski interval. The obstacle to representing all aspects of Minkowski geometry in a Euclidean diagram is that the proportionality factor depends upon the line.
This obstacle arises because, unlike in Euclidean space, not all Minkowski lines are equivalent (Fig. 1) . That is, Minkowski space is not isotropic. According to relativity, the lightrays through a point p are determined independent of the motion of any source. They therefore divide up the spacetime into four intrinsic regions: the future, past, right space, and left space of p. A timelike line segment has one endpoint to the future of the other, and represents the inertial motion of a free particle. For a spacelike segment neither endpoint lies to the future of the other. The borderline case, with endpoints connected by a light ray, is called a lightlike or null segment. The light rays on all diagrams in this paper are shown as dashed lines, while the timelike and spacelike lines are solid.
In drawing a spacetime diagram one must select two independent directions to represent the light rays. This choice breaks the Euclidean rotation symmetry. It is common to orient the diagram so that the timelike line bisecting the angle between the light rays runs vertically up the diagram. The vertical direction then corresponds to pure time translations in some particular frame, while the horizontal direction corresponds to pure space translations in that frame. It is also common to choose the relation between the vertical and horizontal scales so that the two sets of light rays are perpendicular to each other in the Euclidean sense, and therefore make angles of 45 degrees from the vertical. With such choices of scaling, horizontal and vertical segments of the the same Euclidean length represent intervals of Minkowski length and time with ratio equal to the speed of light.
Although common, the choice of a right angle between light rays is not mandatory. The constructions and proofs in this paper could all be carried out with an arbitrary angle, but we shall adopt the right angle because it makes the diagrams and proofs a little easier to follow, and because it is the standard and familiar choice.
Squares and triangles
In this section we introduce some concepts basic to space-time geometry that will be used in the following. We already remarked that an inertial particle trajectory is represented by a timelike line segment. A second particle at rest with respect to the first corresponds to a parallel line segment, as illustrated by the two timelike sides AB and CD of the parallelogram in Fig. 2a . The diagonals of this parallelogram are light rays, so a light ray from A reaches point F in the center, and is reflected back to B. Thus an observer along AB (or CD) considers F to be simultaneous with the midpoint E between A and B. Similarly all other points on the line EF are considered simultaneous by this observer. Since EF is related to AC by a translation, the points on AC are also simultaneous with respect to AB. The segments AB and AC are said to be Minkowski-perpendicular. A parallelogram like ABCD, with lightlike diagonals, is a Minkowski square. The angle between Minkowskiperpendicular lines is bisected by a light ray, but this property holds only when the diagram is scaled so that the light rays are perpendicular.
A pair of timelike lines that are not parallel represent inertial particles with a relative velocity. The principle of relativity demands that all such lines be equivalent. Fig. 2b depicts two triangles OGH and OIJ, each consisting of two timelike sides and one lightlike side. The directions of the timelike sides are the same for the two triangles. In order that neither direction be preferred the ratios of the corresponding proper times must be equal, i.e.
where for example (OG) m denotes the proper time along OG. 2 The two triangles are therefore similar in Minkowski space. Right triangles KML and KNL, each with two lightlike sides and a timelike hypotenuse, are shown in Fig 2c. We call these null triangles. Together they make up the rectangle formed by the two pairs of light rays departing from the endpoints K, L of the timelike segment. We call this rectangle the causal domain of the timelike segment. It is also the causal domain of the spacelike segment given by the other diagonal (MN) of the rectangle.
Minkowski interval and Euclidean area
For a vertical or horizontal segment it is easy to see that the causal domain is a (Euclidean) square whose area is proportional to the square (second power) of the proper time or length of the segment, respectively. 3 The same turns out to be true for segments that are neither vertical nor horizontal, that is,
The square of the proper time or length along any segment is equal to the (Euclidean) area of its causal domain times a fixed proportionality constant.
The area of null triangles is proportional to the square of their timelike sides.
The same proportionality holds also for the area of the square built on a timelike segment, since according to Fig. 2a that area is always twice the area of the causal domain. We now give a proof of this statement. Figure 3 shows two timelike segments of different directions (velocities), OA and OB, with A and B lightlike related. We construct the null triangles OCB and OCA that represent the right half of the two segments' causal domains, and the null line DB.
Let A(OA) be the area of OA's causal domain, which is twice the area of the null triangle OCA, and similarly for A(OB). Because the two null triangles have the common base OC, and because OC and DB are parallel, we have the proportionality,
where the subscripts e and m refer to Euclidean length and Minkowskian time respectively. Because the triangles ODB and OBA are Minkowskisimilar, we have
In other words, the area ratio of the two causal domains is equal to the ratio of the square of the proper times along their timelike diagonals. Our argument applies only for segments related by a null line BA. However, since Euclidean lengths along a single timelike segment are proportional to the corresponding proper times, and the area scales with the square of the Euclidean length, the result is valid for any pair of causal domains.
Time dilation
As a first application of the relation between area and spacetime interval one can see immediately in Fig. 4a that of two timelike intervals AC, AC ′ with the same vertical projection, the slanted one has the shorter proper time. This is the relativistic time dilation or twin effect. Fig. 4a shows half of the twin's round trip (a round trip would be obtained by reflecting the figure about the dotted horizontal line): the area of the rectangle AB ′ C ′ D ′ is less than that of the square ABCD, for the shaded areas have equal narrow width, but the one that is part of the rectangle is shorter than the one that is part of the square. As the relative velocity of the tilted segment increases, its causal domain area goes to zero, and hence so does its proper time. The locus of spacetime points P, P ′ ,. . . that are at a constant future timelike interval from a given origin O is shown in Fig. 4b . This locus is given by (OP) 2 ∝ A(OP)= uv, where u, v are the null coordinates of P, so the locus is a hyperbola. Similarly the points at constant past timelike separations, and at constant spacelike separations from O are also hyperbolae. 
Spacetime Pythagoras theorem
Since spacetime intervals are determined by Euclidean areas in a spacetime diagram, we can use Euclidean geometry to establish the spacetime Pythagoras theorem. This is the fundamental Minkowskian formula, relating time and space measurements t and x of an interval by one observer to the proper time measurement T of that interval by another observer, Figure 5 shows a geometrical view of the terms in this equation and compares it to the familiar Euclidean interpretation of the Pythagorean theorem for right triangles. In the Minkowski case, two sides of the triangle are Minkowski-perpendicular, as appropriate for the time and space components of the hypotenuse displacement defined by a given observer. The square on the hypotenuse also has Minkowski-perpendicular sides, and is a parallelogram with lightlike diagonals as explained above. The example of Fig. 5b is a special case since the triangle sides are also perpendicular in the Euclidean sense. However, the principle of relativity implies that if the theorem holds for this case it must hold for any Minkowski right triangle. There are many ways to prove the spacetime Pythagoras theorem, just as there are in the Euclidean case [2] . Here we mention just two, the first using causal domains and the second using the more traditional squares on the sides of the triangle. Another proof, using spacetime tiling, was given in Ref. [3] .
The first proof is illustrated in Fig. 6 , which shows a right triangle with a vertical timelike side, a horizontal spacelike base, and a timelike hypotenuse, The second proof uses squares on the sides of the triangle, and is more closely analogous to a Euclidean proof. The latter is shown in Fig. 7 . Rearrangement of the four triangles as shown converts the empty area from the two squares on the smaller sides to the single square on the hypotenuse. This is perhaps the most elegant and elementary geometric proof of the Euclidean Pythagoras theorem.
The corresponding proof in the Minkowski case is shown in Fig. 8 . The figure on the left differs from that in Fig. 7 only by the orientation of triangles 3 and 4. 4 Rearrangement of the four triangles as shown converts the empty unshaded area from the larger square to the rhombus plus the smaller square. Thus the rhombus area is the difference of the areas of the larger and smaller squares. The rhombus is also the Minkowskian square on the hypotenuse, since it is a parallelogram with lightlike diagonals. Therefore we have again established (4). By stretching Figs. 6 and 8 in one null direction and shrinking by an equal factor in the other null direction (u resp. v-directions of Fig. 4) we preserve all null directions and hence Minkowski-perpendicularity and squares, as well as areas; and in this way we can obtain a general Minkowski right triangle, to which the spacetime Pythagoras theorem applies. 5 The so-transformed Figure 6 does not lend itself directly to the proof we gave above because the shaded rectangles are no longer congruent (in the Euclidean sense), although they do have equal area. However, the second proof does still work for the transformed Fig. 8 , as shown in Fig. 9 , because all four transformed triangles are congruent. 
